Introduction
It is quite interesting that nematic order couples with both an electric field and magnetic field [1] . The order is also con− trolled by anchoring walls. In practice, it is well known that a mechanism using competition between effects due to the electric field and anchoring walls is applied to liquid crystal display. Both effects are similar in various points. In the electric field with positive dielectric anisotropy, a jump of the first order phase transition decreases as the field is in− creased and finally ends at a critical point [2] [3] [4] , while simi− larly the critical thickness appears in the thin system sand− wiched between anchoring walls [5] [6] [7] [8] . For negative dielec− tric anisotropy, the first order transition changes to the sec− ond order [4, 9] , which corresponds to a phenomenon in a sandwiched system of planar structure [10] . In these cases, ordered phases are biaxial [9] [10] [11] .
The biaxial nematic phase is realized in the systems of non−cylindrical molecules when the second molecular axes are ordered [12] [13] [14] [15] [16] [17] . Though the biaxial order of this type is interesting, we concern in this investigation cases of sys− tems of cylindrical molecules. A typical one is nematics ex− posed to both electric and magnetic fields in directions per− pendicular to each other, in which the principal axis of the nematic order is in either of each field directions, and no symmetry breaking occurs [11] . Bounded systems sand− wiched by anchoring walls are also the biaxial systems, es− pecially in the case the field is applied [18] [19] [20] [21] [22] [23] . In hybrid cells, various types of phases are shown to appear, in which symmetry breakings are discussed [21, 22] . In the present ar− ticle, we study rather simple system of homogeneous an− choring cell in the electric field, which is a typical system of Freedericksz transition. Usually, Freedericksz transition is analyzed using an elastic theory. Here, thermal behaviours of the system are studied from a view point of comparing the effect of anchoring in the sandwiched system to the one due to fields in the bulk.
In the next section, formalism of the biaxial bulk system in both electric field and magnetic field is reviewed in the framework of Landau free energy. Coefficients in the free energy are derived by the mean field theory, where an inter− action between molecules introduced here is equivalent to Maier−Saupe model [24, 25] . A phase diagram is shown for a typical case. Following to this, the formalism is generalized so as to be applicable to the sandwiched system. Free− dericksz transition is tested at an absolute zero temperature in the present model. Thermal behaviours at finite tempera− ture are studied by numerical analysis of the formalism above−mentioned, where phase diagram is obtained and compared to the one in the bulk. Thickness dependence of a critical field of the Freedericksz transition is also examined.
Model and formalism of biaxial nematics in the fields
In the first place, we discuss bulk nematics. A coordinate system is taken as shown in Fig. 1 , where a bold line shows a molecular long axis, and q and j are the polar angle and the azimuthal one, respectively. The electric field E is ap− plied in a direction parallel to z−axis and the magnetic field H in x−axis. Then, the system is biaxial in itself. Generally, the following order parameters are introduced [11] ,
where P 2 (x) (= (3x 2 -1)/2) is the second Legendre's polyno− mial, N 0 is the total number of molecules, the bracket <…> means thermal average and the subscript i attached to the angles shows i−th molecule. For convenience, s, s , and r are called uniaxial, biaxial and oblique axial order parame− ters, respectively. For typical cases, we have uniaxial order at s ¹ 0, s r = = 0; biaxial order at s ¹ 0, s ¹ 0, r = 0, bi− axial order with a principal axis making an angle from z−axis
Corresponding to s, s , and r, the field energy H f is given generally by 
where the fields, h u , h b , and h o , are conjugate to s, s , and r, respectively. In the real fields, E and H, above−mentioned, the fields are given by
in which h z = e a E 2 /3 and h x = c a H 2 /3 with anisotropies of electric and magnetic susceptibilities, e a and c a .
Hamiltonian we use is the following one
where q ij denotes the angle long axes of the i−th and j−th molecules make, and V is the interaction parameter. In the mean field theory, degrees of freedom of the molecular ori− entation are decoupled to positional ones and the Hamil− tonian, Eq. (7), is effectively equivalent to Maier−Saupe model [24, 25] . Here, an addition theorem for P 2 (q ij ) is noticed 
A partition function with the symmetry breaking fields, x, h, and z, is given by
for dw i , the solid angle element of i−th particle and for b, the inverse temperature 1/k B T with the Boltzmann constant k B .
The factor exp(-bH 0 ) is expanded in power series of b, and the result up to the first order of b corresponds to the mean field result [11] . The order parameters are calculated, as the functions of x, h, and z, from
Taking account of the fact that Z is calculated up to the order of b, Eqs (10) are written as [11] s I Vvs
where (12) and n is the mean of a number of the nearest neighbouring molecules. It is noticed that for vanishing symmetry break− ing fields, x = h = z = 0, Eqs. (11) are nothing but self−con− sistency equations in the mean field theory for s, s , and r. 
In general, it is difficult to obtain x(s, s, r), h(s, s, r), and z(s, s, r) in explicit forms except for simple cases such as Ising model. However, we can derive x, h, and z in ex− pansion forms, which lead to F(s, s, r) in the Landau ex− pansion, i.e., coefficients in the Landau free energy are ob− tained in the framework of mean field theory. Practically, the following equations are derived in expansion forms from Eqs. (11) 
where constant term, F(0, 0, 0), is neglected for simplicity. Needless to say, thermal equilibrium is obtained from Eqs. (14) with the conditions x = h = z = 0, which correspond to the minimum of F(s, s, r). It is also pointed out that Eqs. (14) and (16) are not applied to quite low temperature region because of the expansion forms by nature. We show a phase diagram at h x = 0.004Vn in Fig. 2 , where (and also hereafter) temperature is scaled in the units Vn/k B . The critical point and a triple point are indicated by C and T, respectively. In a low temperature region with h z > 0.004 Vn, the principal axis is in z−direction, while in the re− gion with h z < 0.004 Vn, the principal axis is in x−direction. Both ordered phases are biaxial and coexist at h z = h x (= 0.004 Vn). It is stressed that r = 0 so long as h o = 0, that is, no sym− metry breaking occurs in this biaxial nematic system.
Formalism and Freedericksz transition at the system with homogeneous anchoring
Because of the effect due to anchoring walls, the order is non−uniform in the sandwiched cell. To describe this non−uniformity, we utilize a discretized description for the sake of convenience at numerical calculation [8, 10, 23] . The system is decomposed into N layers of the thickness l, where l is assumed to be a macroscopic size and kept constant throughout this article. The anchoring walls are taken in xy−plane in the coordinate system shown in Fig. 1 , and the external field is applied in z−direction, i.e., h u = h z , and h b = h o = 0. In a layer, the order is assumed to be uniform and a macroscopic description is possible like Eqs. (14) and (16), where s, s, and r are replaced by s n , s n and r n for n−th layer (n = 1, 2, …, N). Then, order parameters are given by a set {s n , s n , r n }. Taking account of an interaction between neighbouring layers, the self−consistency equations for s n , s n , and r n without the symmetry breaking fields are given as generalizations of Eqs. (14) 
Though we omitted a tedious explanation about a con− tour of line integral to obtain Eq. (18) like Eq. (13), correct− ness of Eq. (18) is certified easily by the minimum condition of the free energy, i.e., Eqs. (17) are derived by minimizing F with respect to s n , s n , and r n .
Here, we study the phase boundary between a uniform phase and a deformed phase with splay deformation at abso− lute zero temperature, which corresponds to the Freede− ricksz transition point. To calculate energies for both phases, the expansion form Eq. (18) is not applicable but Eqs. (5) and (7) , is taken into account. Each layer is completely ordered, i.e., the order is uniaxial locally as assumed at the elastic theory, and the sys− tem is characterized by only a set of the angles {g n }, where g n = p/2 -q n , for q n , a polar angle of ordered direction at n−th layer in the coordinate system of Fig. 1 . For h z < h c (0) , the system is in the homogeneous structure, g n = 0, where h c (0) is the critical field at which the splay deformation is going to occur. We assume a harmonic deformation of g n with small amplitude e (<< 1) near h = h c (0) as [1] g e p n n N = + sin 1 .
Then, the excess energy due to the deformation DE exc is calculated as
from which h c (0) is obtained by
This result is compared with the one based on the elastic theory. By using the relations h z = e a E 2 /3, the thickness of the system d = l(N + 1), Eq. (21) is reduced in the limit of large N to the form for the critical value of the field E c (0) given by
where K 1 (= 3Vl 2 /2) is an elastic constant derived from the equation, -VP 2 [cos(q n+1 -q n )] @ -V + 1/2(3Vl 2 /2)(dq/dz) 2 . Equation (22) is nothing but the one derived from the elastic theory [1] . Naturally, phases with the positive and negative e values, respectively, degenerate.
Results of numerical analyses
Equations (17) 18). We choose n = 8, exclusively. First, the system with N = 20 is studied. In the low field region, a transition between the dis− ordered phase (D) and ordered one of homogeneous struc− ture (HS) occurs. Behaviours of s n and s n are shown in Fig.  3 at h z = 0.008, (here and hereafter the field is scaled in the unit V). Both phases are biaxial and r n = 0, where no sym− metry breaking occurs. On the other hand, in the low tem− perature, HS changes to a phase with bend and splay defor− mations (BS) as the field is increased, where non−vanishing r n is obtained for the field larger than the critical field h c , as shown in Fig. 4 at T = 0. der parameters, s n , s n , and r n , determined by Eq. (4). This continuous transition occurring at h c (@ 0.02) is nothing but the Freedericksz transition, where the biaxial symmetry of the system with symmetry axes in x− and z−directions is bro− ken spontaneously. In practice, we have a couple of solu− tions with the positive and negative r n values with same free energy. Non−monotonous behaviour of r n is remarkable, while r n vanishes at d n = 0, p/2. Besides these three phases, we find another biaxial phase without symmetry breaking (r n = 0) between D and BS, as observed in Fig. 5 at h z = 0.02. In the intermediate phase, biaxiality is smaller than that of both sides. To clarify the structure of the phase in detail, the profiles of s n , s n , and d n are shown in Fig. 6 at h z = 0.02 and T = 0.2155. We call this phase a field−dominated phase (FD), in which the prin− cipal axis is in z−direction at the central part of the system (n = 6, 7, …, 15), while in x−direction near the boundaries.
In summary, a phase diagram of the system with N = 20 is shown in Fig. 7 , where only high temperature range is de− picted because of the analysis based on Landau expansion. The phase boundary between FD and D ends at the critical point C. By comparing the phase diagram of Fig. 7 to the one at the bulk shown in Fig. 2 , we see that the symmetry breaking with respect to the oblique axial order occurs only in the sandwiched system, even though symmetries of both systems are same. One reason of this symmetry breaking to occur comes from the fact that in the anchored system, a complete ordering of the field−dominated phase is violated by the boundary walls. As shown in the final part of Sect. 3, the deformed phase, which is nothing but BS, is stable for h > h c at zero temperature. In Eqs. (14) , for bulk, r vanishes so long as h o = 0. On the other hand, at BS in the anchored sys− tem r n has finite value as a solution to Eqs. (17) even though no field exists except for h z . Because of non−uniformity of the order, the interaction term between neighbouring layers remains finite and works as an effective field in Eq. (17c) [4, 6] , and accordingly finite value of r n is possible and thus, the spontaneous symmetry breaking occurs at the anchored system. The appearance of FD is also naturally understood by the comparison of two phase diagrams in Figs. 2 and 7 .
A weak temperature dependence of h c is observed in Next, thickness dependence of a phase diagram is stud− ied as shown in Fig. 8 for N = 16 and 24 together with N = 20. As the boundary works strongly for HS and also D at thin system (small N), larger magnitude of the field compet− ing to the boundary effect is required for the transitions to BS and FD. In the systematic change of a phase diagram ob− served in Fig. 8 , thickness dependence (N−dependence) of the critical field h c is of interest, because the Freedericksz transition is the most characteristic phenomenon in this bi− axial system. To obtain a quantitative relation between the thickness and h c , we have calculated h c for various thick− nesses of the system at T = 0.1 and 0.21. In Fig. 9 , h c −N rela− tion at T = 0.1 is plotted in a log−log scale, showing the ex− ponent -1.99, which agrees with -2 of theoretical estimate at zero temperature as shown in Eq. (21) . However, at T = 0.21, an estimate of the exponent is -2.18. In the present stage, the reason is not clarified yet. Nevertheless, we point out the following possibility that the deviation from -2 co− mes from the effect of the biaxial order. In practice, the phase at T = 0 is uniaxial, i.e., s n = 1(s n = -1/2), in the phase of homogeneous anchoring, and the biaxiality increases as the temperature increases.
Conclusions
The system of homogeneous anchoring cell in the electric field is studied on the basis of statistical mechanical ground as the correspondent of the biaxial bulk system in the fields with same symmetry. Though that system is a typical one for the Freedericksz transition, analyzed usually using the continuum theory, we can obtain global understandings on the basis of the molecular theory. Comparison of the two systems with same symmetry is possible using the molecu− lar theory. Results are followings. Global phase diagram is obtained, where Freedericksz transition is characterized by the symmetry breaking of an oblique axial symmetry, which never occurs in a biaxial bulk system. In high temperature and high field region, biaxial nematic phase with principal axis parallel to the field direction at the central part of the system, called here the field−dominated phase, is shown to appear. The occurrence of the symmetry breaking is due to the restriction of anchoring condition, which prevents com− pletely aligned state with principal axis in the field direction to be realized even in the high field, while in the bulk the field−dominate phase is realized with complete order in uni− axial symmetry as a thermal equilibrium state at absolute zero temperature. The concept of effective field coming from non−uniformity of the order is shown to be useful to understand the spontaneous symmetry breaking. This is the main dissimilarity between the anchored system and bulk with common symmetry. Except for this dissimilarity, a boundary is shown to work like a field. The thickness de− pendence of the critical field of Freedericksz transition is also studied, where an exponent characterizing the depend− ence agrees with an estimate based on an elastic theory at low temperature, while in the high temperature the exponent differs from this. Dependence of the exponent on a tempera− ture is suspected to come from biaxiality of the order, which is remarkable at high temperature. Yet, detail of the tem− perature dependence of exponent is not clarified sufficien− tly, which is an open question so far. The comparison of bounded system with bulk belonging to same symmetry is of interest. In the present study, sys− tems with biaxial symmetry are compared. As systems with more simple symmetry, uniaxial symmetry, are of interest, which is also a problem to be solved in a near future.
